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COMPREHENSIVE LESSON NOTEBOOK

How to learn from this notebook
Meaning first. Method second. Reasoning throughout.

1 • UNDERSTAND

Read the definition and big idea. Redraw or annotate the representation, then answer the checkpoint without looking back.

2 • BUILD THE METHOD

Cover each next line of the example. Predict it, reveal it and explain why the transformation or calculation is permitted.

3 • CONNECT AND REASON

Use the misconception analysis and guided task to decide which method fits, not merely how to execute it.

4 • PRACTISE INDEPENDENTLY

Show the decisive setup, accurate progress and a supported conclusion. Do not replace mathematical communication with a calculator
display.

5 • DIAGNOSE AND REVISIT

Mark from the worked answer. Record whether an error came from interpretation, structure, arithmetic, accuracy, unit or communication.
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COMPREHENSIVE LESSON NOTEBOOK

Algebra unit map
16 chapters mapped independently to the current course specification.

CH 01 H-A1 Polynomial factorisation

CH 02 H-A2 Solving cubic and quartic equations

CH 03 H-A3 Non-unitary completing the square

CH 04 H-A4 Function transformations

CH 05 H-A5 Composite functions

CH 06 H-A6 Inverse functions, domain and range

CH 07 H-A7 Discriminant parameter problems

CH 08 H-A8 Quadratic inequalities

CH 09 H-A9 Intersections of lines and curves

CH 10 H-A10 Lines, angles and perpendicularity

CH 11 H-A11 Circle equations

CH 12 H-A12 Tangents and circle intersections

CH 13 H-A13 Recurrence relations

CH 14 H-A14 Limits of sequences

CH 15 H-A15 Algebraic proof and identities

CH 16 H-A16 Integrated Higher algebra
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COMPREHENSIVE LESSON NOTEBOOK

Copyright, permitted use and exam-board independence
Publication terms for teachers, tutors, learners and centres.

COPYRIGHT OWNERSHIP

All original explanations, examples, questions, answer methods, diagrams, layout and editorial structure in this notebook are copyright ©
2026 GCSE Online Tutoring and RS Remote Tutoring. All rights are reserved.

PERMITTED USE

The lawful purchaser may use this notebook for their own learning or teaching and may print copies only to the extent allowed by the
purchase licence. No part may be resold, uploaded publicly, redistributed, republished, adapted into another commercial resource or used
to train a product without prior written permission.
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This independently authored learning resource is aligned to Qualifications Scotland Higher Mathematics. It is not produced, approved,
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alignment only. No official question, marking instruction, logo, trade dress or proprietary artwork is reproduced.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 1: Polynomial factorisation
Factorise cubic and quartic expressions using common factors, grouping and identities.

SPECIFICATION ALIGNMENT

Independent teaching summary for Qualifications Scotland Higher Mathematics: H-A1. This lesson develops conceptual understanding,
communication using symbols, fluency, logical reasoning and strategic competence.

Understand the mathematical object
Factorise cubic and quartic expressions using common factors, grouping and identities. The central idea is that a representation is useful
only when its meaning and conditions are explicit. In this higher algebraic reasoning lesson, first identify the quantities, structures or
events involved; then connect the words to notation, a diagram, a table or a graph. A reliable solution preserves that meaning at every
step and ends with an answer that fits the original context.

KEY VOCABULARY

expression; equation; factor; root; function; domain; range; representation; condition; verification

Three controlling ideas
Identify the algebraic object, its restrictions and the required form.
Choose a reversible transformation or a structure-preserving representation.
Check by expansion, substitution, graph features, sign analysis or an independent method.

PRIOR-KNOWLEDGE CHECK

Can you state the meaning of the key terms, identify the operation or relationship in “Factorise x^3-4x^2-x+4.”, and predict the form or
approximate size of the answer? Repair any weakness before continuing.

CHECKPOINT

Explain one method condition in a complete sentence. Give a simple valid example and one non-example that breaks the condition.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 1: Build the method
Polynomial factorisation

Reliable routine
Interpret: name the target, given information, conditions and units.
Represent: write an equation, diagram, table, graph or exact numerical structure.
Execute: show valid transformations or calculations in a readable order.
Verify: test size, sign, units, domain, accuracy and contextual meaning.

WORKED EXAMPLE 1

Factorise x^3-4x^2-x+4.

WORKED REASONING

1. Group x^2(x-4)-1(x-4).
2. Use difference of squares.
Conclusion: (x-4)(x-1)(x+1).

WORKED EXAMPLE 2

Factorise 2x^3-8x.

WORKED REASONING

1. Remove 2x then use difference of squares.
Conclusion: 2x(x-2)(x+2).

SELF-EXPLANATION PROMPT

Which line contains the main mathematical decision? Which line checks interpretation, reasonableness or accuracy? Explain how the
method would change if one condition changed.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 1: Connect and reason
Polynomial factorisation

Why the method works
The method works because each stage preserves the defining relationship in the problem. A calculation is not merely a sequence of
button presses: it is a chain in which every symbol, operation and representation has a stated meaning. An independent check uses a
different feature - such as an inverse operation, an alternative representation, a bound, a unit or a limiting case - so it can reveal an
error rather than repeat it.

COMMON MISCONCEPTION

A common error is to use a familiar rule before checking its conditions. For H-A1, this can produce a plausible-looking answer with the
wrong structure, scale, sign, unit or interpretation. State the condition first, then apply the rule.

GUIDED REASONING TASK

Factorise x^4-16. Before calculating, write: (a) what is known, (b) what is required, (c) the controlling relationship, and (d) one check. Then
complete the solution.

COMMUNICATION STANDARD

Use one mathematical statement per line. Define symbols, label units and diagrams, retain exact values until approximation is requested,
and close with a sentence that answers the actual question.

EXTENSION OR REPAIR

Change one value or condition in the guided task. Predict which steps remain valid and which must change. This is the difference between
memorising a routine and understanding polynomial factorisation.
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Independent practice
H-A1 • Polynomial factorisation

Complete without notes. Show the setup, decisive working and final conclusion. Marks are independent teaching allocations, not official
Qualifications Scotland / former SQA marks.

1. Factorise x^3-4x^2-x+4. [4]

2. Factorise 2x^3-8x. [4]

3. Factorise x^4-16. [4]

4. Given x-3 is a factor of x^3-2x^2-5x+6, factorise fully. [4]

REFLECTION

Record the question number of your least secure answer. Name the error type and write the first corrected line that would repair it.
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Worked answers and repair notes
H-A1 • Polynomial factorisation

1. WORKED ANSWER

Method: Group x^2(x-4)-1(x-4). Use difference of squares. Answer: (x-4)(x-1)(x+1). Check: confirm the result against the original conditions, units and
expected scale.

2. WORKED ANSWER

Method: Remove 2x then use difference of squares. Answer: 2x(x-2)(x+2). Check: confirm the result against the original conditions, units and
expected scale.

3. WORKED ANSWER

Method: Use difference of squares twice over the reals. Answer: (x-2)(x+2)(x^2+4). Check: confirm the result against the original conditions, units
and expected scale.

4. WORKED ANSWER

Method: Divide by x-3 to obtain x^2+x-2. Factorise the quotient. Answer: (x-3)(x-1)(x+2). Check: confirm the result against the original conditions,
units and expected scale.
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Chapter 2: Solving cubic and quartic equations
Find all real roots after factorising a polynomial.

SPECIFICATION ALIGNMENT

Independent teaching summary for Qualifications Scotland Higher Mathematics: H-A2. This lesson develops conceptual understanding,
communication using symbols, fluency, logical reasoning and strategic competence.

Understand the mathematical object
Find all real roots after factorising a polynomial. The central idea is that a representation is useful only when its meaning and conditions
are explicit. In this higher algebraic reasoning lesson, first identify the quantities, structures or events involved; then connect the words to
notation, a diagram, a table or a graph. A reliable solution preserves that meaning at every step and ends with an answer that fits the
original context.

KEY VOCABULARY

expression; equation; factor; root; function; domain; range; representation; condition; verification

Three controlling ideas
Identify the algebraic object, its restrictions and the required form.
Choose a reversible transformation or a structure-preserving representation.
Check by expansion, substitution, graph features, sign analysis or an independent method.

PRIOR-KNOWLEDGE CHECK

Can you state the meaning of the key terms, identify the operation or relationship in “Solve x^3-6x^2+11x-6=0.”, and predict the form or
approximate size of the answer? Repair any weakness before continuing.

CHECKPOINT

Explain one method condition in a complete sentence. Give a simple valid example and one non-example that breaks the condition.
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Chapter 2: Build the method
Solving cubic and quartic equations

Reliable routine
Interpret: name the target, given information, conditions and units.
Represent: write an equation, diagram, table, graph or exact numerical structure.
Execute: show valid transformations or calculations in a readable order.
Verify: test size, sign, units, domain, accuracy and contextual meaning.

WORKED EXAMPLE 1

Solve x^3-6x^2+11x-6=0.

WORKED REASONING

1. Recognise or test a simple root, then factorise as (x-1)(x-2)(x-3).
Conclusion: x=1,2,3.

WORKED EXAMPLE 2

Solve x^4-5x^2+4=0.

WORKED REASONING

1. Let u=x^2.
2. Solve u^2-5u+4=0 then take square roots.
Conclusion: x=-2,-1,1,2.

SELF-EXPLANATION PROMPT

Which line contains the main mathematical decision? Which line checks interpretation, reasonableness or accuracy? Explain how the
method would change if one condition changed.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 2: Connect and reason
Solving cubic and quartic equations

Why the method works
The method works because each stage preserves the defining relationship in the problem. A calculation is not merely a sequence of
button presses: it is a chain in which every symbol, operation and representation has a stated meaning. An independent check uses a
different feature - such as an inverse operation, an alternative representation, a bound, a unit or a limiting case - so it can reveal an
error rather than repeat it.

COMMON MISCONCEPTION

A common error is to use a familiar rule before checking its conditions. For H-A2, this can produce a plausible-looking answer with the
wrong structure, scale, sign, unit or interpretation. State the condition first, then apply the rule.

GUIDED REASONING TASK

Solve 2x^3+x^2-8x-4=0. Before calculating, write: (a) what is known, (b) what is required, (c) the controlling relationship, and (d) one
check. Then complete the solution.

COMMUNICATION STANDARD

Use one mathematical statement per line. Define symbols, label units and diagrams, retain exact values until approximation is requested,
and close with a sentence that answers the actual question.

EXTENSION OR REPAIR

Change one value or condition in the guided task. Predict which steps remain valid and which must change. This is the difference between
memorising a routine and understanding solving cubic and quartic equations.
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Independent practice
H-A2 • Solving cubic and quartic equations

Complete without notes. Show the setup, decisive working and final conclusion. Marks are independent teaching allocations, not official
Qualifications Scotland / former SQA marks.

1. Solve x^3-6x^2+11x-6=0. [4]

2. Solve x^4-5x^2+4=0. [4]

3. Solve 2x^3+x^2-8x-4=0. [4]

4. Explain why x^4+5x^2+4=0 has no real roots. [4]

REFLECTION

Record the question number of your least secure answer. Name the error type and write the first corrected line that would repair it.
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Worked answers and repair notes
H-A2 • Solving cubic and quartic equations

1. WORKED ANSWER

Method: Recognise or test a simple root, then factorise as (x-1)(x-2)(x-3). Answer: x=1,2,3. Check: confirm the result against the original conditions,
units and expected scale.

2. WORKED ANSWER

Method: Let u=x^2. Solve u^2-5u+4=0 then take square roots. Answer: x=-2,-1,1,2. Check: confirm the result against the original conditions, units
and expected scale.

3. WORKED ANSWER

Method: Factor by grouping: x^2(2x+1)-4(2x+1). Answer: x=-2,-1/2,2. Check: confirm the result against the original conditions, units and expected
scale.

4. WORKED ANSWER

Method: Use positivity of squares. Answer: It factorises as (x^2+1)(x^2+4), and both factors are positive for real x. Check: confirm the result against
the original conditions, units and expected scale.
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Chapter 3: Non-unitary completing the square
Complete the square when the coefficient of x^2 is not 1.

SPECIFICATION ALIGNMENT

Independent teaching summary for Qualifications Scotland Higher Mathematics: H-A3. This lesson develops conceptual understanding,
communication using symbols, fluency, logical reasoning and strategic competence.

Understand the mathematical object
Complete the square when the coefficient of x^2 is not 1. The central idea is that a representation is useful only when its meaning and
conditions are explicit. In this higher algebraic reasoning lesson, first identify the quantities, structures or events involved; then connect
the words to notation, a diagram, a table or a graph. A reliable solution preserves that meaning at every step and ends with an answer
that fits the original context.

KEY VOCABULARY

expression; equation; factor; root; function; domain; range; representation; condition; verification

Three controlling ideas
Identify the algebraic object, its restrictions and the required form.
Choose a reversible transformation or a structure-preserving representation.
Check by expansion, substitution, graph features, sign analysis or an independent method.

PRIOR-KNOWLEDGE CHECK

Can you state the meaning of the key terms, identify the operation or relationship in “Write 3x^2+12x-5 in completed-square form.”, and
predict the form or approximate size of the answer? Repair any weakness before continuing.

CHECKPOINT

Explain one method condition in a complete sentence. Give a simple valid example and one non-example that breaks the condition.
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Chapter 3: Build the method
Non-unitary completing the square

Reliable routine
Interpret: name the target, given information, conditions and units.
Represent: write an equation, diagram, table, graph or exact numerical structure.
Execute: show valid transformations or calculations in a readable order.
Verify: test size, sign, units, domain, accuracy and contextual meaning.

WORKED EXAMPLE 1

Write 3x^2+12x-5 in completed-square form.

WORKED REASONING

1. Factor 3 from the x terms.
2. Complete the square inside and compensate.
Conclusion: 3(x+2)^2-17.

WORKED EXAMPLE 2

Write -2x^2+8x+1 in completed-square form.

WORKED REASONING

1. Factor -2 from the quadratic and linear terms.
Conclusion: -2(x-2)^2+9.

SELF-EXPLANATION PROMPT

Which line contains the main mathematical decision? Which line checks interpretation, reasonableness or accuracy? Explain how the
method would change if one condition changed.
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Chapter 3: Connect and reason
Non-unitary completing the square

Why the method works
The method works because each stage preserves the defining relationship in the problem. A calculation is not merely a sequence of
button presses: it is a chain in which every symbol, operation and representation has a stated meaning. An independent check uses a
different feature - such as an inverse operation, an alternative representation, a bound, a unit or a limiting case - so it can reveal an
error rather than repeat it.

COMMON MISCONCEPTION

A common error is to use a familiar rule before checking its conditions. For H-A3, this can produce a plausible-looking answer with the
wrong structure, scale, sign, unit or interpretation. State the condition first, then apply the rule.

GUIDED REASONING TASK

Find the maximum of -4x^2+24x-31. Before calculating, write: (a) what is known, (b) what is required, (c) the controlling relationship, and
(d) one check. Then complete the solution.

COMMUNICATION STANDARD

Use one mathematical statement per line. Define symbols, label units and diagrams, retain exact values until approximation is requested,
and close with a sentence that answers the actual question.

EXTENSION OR REPAIR

Change one value or condition in the guided task. Predict which steps remain valid and which must change. This is the difference between
memorising a routine and understanding non-unitary completing the square.
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Independent practice
H-A3 • Non-unitary completing the square

Complete without notes. Show the setup, decisive working and final conclusion. Marks are independent teaching allocations, not official
Qualifications Scotland / former SQA marks.

1. Write 3x^2+12x-5 in completed-square form. [4]

2. Write -2x^2+8x+1 in completed-square form. [4]

3. Find the maximum of -4x^2+24x-31. [4]

4. Solve 2x^2-8x-3=0 by completing the square. [4]

REFLECTION

Record the question number of your least secure answer. Name the error type and write the first corrected line that would repair it.
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Worked answers and repair notes
H-A3 • Non-unitary completing the square

1. WORKED ANSWER

Method: Factor 3 from the x terms. Complete the square inside and compensate. Answer: 3(x+2)^2-17. Check: confirm the result against the original
conditions, units and expected scale.

2. WORKED ANSWER

Method: Factor -2 from the quadratic and linear terms. Answer: -2(x-2)^2+9. Check: confirm the result against the original conditions, units and
expected scale.

3. WORKED ANSWER

Method: Write -4(x-3)^2+5. Answer: 5 at x=3. Check: confirm the result against the original conditions, units and expected scale.

4. WORKED ANSWER

Method: Write 2(x-2)^2=11. Take both square roots. Answer: x=2 plus or minus sqrt(22)/2. Check: confirm the result against the original conditions,
units and expected scale.
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Chapter 4: Function transformations
Identify and sketch translations, reflections and stretches of y=f(x).

SPECIFICATION ALIGNMENT

Independent teaching summary for Qualifications Scotland Higher Mathematics: H-A4. This lesson develops conceptual understanding,
communication using symbols, fluency, logical reasoning and strategic competence.

Understand the mathematical object
Identify and sketch translations, reflections and stretches of y=f(x). The central idea is that a representation is useful only when its
meaning and conditions are explicit. In this higher algebraic reasoning lesson, first identify the quantities, structures or events involved;
then connect the words to notation, a diagram, a table or a graph. A reliable solution preserves that meaning at every step and ends with
an answer that fits the original context.

KEY VOCABULARY

expression; equation; factor; root; function; domain; range; representation; condition; verification

Three controlling ideas
Identify the algebraic object, its restrictions and the required form.
Choose a reversible transformation or a structure-preserving representation.
Check by expansion, substitution, graph features, sign analysis or an independent method.

PRIOR-KNOWLEDGE CHECK

Can you state the meaning of the key terms, identify the operation or relationship in “Describe y=f(x)+4.”, and predict the form or
approximate size of the answer? Repair any weakness before continuing.

CHECKPOINT

Explain one method condition in a complete sentence. Give a simple valid example and one non-example that breaks the condition.
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Chapter 4: Build the method
Function transformations

Reliable routine
Interpret: name the target, given information, conditions and units.
Represent: write an equation, diagram, table, graph or exact numerical structure.
Execute: show valid transformations or calculations in a readable order.
Verify: test size, sign, units, domain, accuracy and contextual meaning.

WORKED EXAMPLE 1

Describe y=f(x)+4.

WORKED REASONING

1. The change occurs outside the function.
Conclusion: The graph of y=f(x) translated 4 units upward.

WORKED EXAMPLE 2

Describe y=f(x-3).

WORKED REASONING

1. Horizontal transformations act in the opposite direction to the sign inside.
Conclusion: The graph translated 3 units to the right.

SELF-EXPLANATION PROMPT

Which line contains the main mathematical decision? Which line checks interpretation, reasonableness or accuracy? Explain how the
method would change if one condition changed.
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Chapter 4: Connect and reason
Function transformations

Why the method works
The method works because each stage preserves the defining relationship in the problem. A calculation is not merely a sequence of
button presses: it is a chain in which every symbol, operation and representation has a stated meaning. An independent check uses a
different feature - such as an inverse operation, an alternative representation, a bound, a unit or a limiting case - so it can reveal an
error rather than repeat it.

COMMON MISCONCEPTION

A common error is to use a familiar rule before checking its conditions. For H-A4, this can produce a plausible-looking answer with the
wrong structure, scale, sign, unit or interpretation. State the condition first, then apply the rule.

GUIDED REASONING TASK

Describe y=-2f(x). Before calculating, write: (a) what is known, (b) what is required, (c) the controlling relationship, and (d) one check. Then
complete the solution.

COMMUNICATION STANDARD

Use one mathematical statement per line. Define symbols, label units and diagrams, retain exact values until approximation is requested,
and close with a sentence that answers the actual question.

EXTENSION OR REPAIR

Change one value or condition in the guided task. Predict which steps remain valid and which must change. This is the difference between
memorising a routine and understanding function transformations.
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COMPREHENSIVE LESSON NOTEBOOK

Independent practice
H-A4 • Function transformations

Complete without notes. Show the setup, decisive working and final conclusion. Marks are independent teaching allocations, not official
Qualifications Scotland / former SQA marks.

1. Describe y=f(x)+4. [4]

2. Describe y=f(x-3). [4]

3. Describe y=-2f(x). [4]

4. If (2,5) lies on y=f(x), give the corresponding point on y=f(3x)-1. [4]

REFLECTION

Record the question number of your least secure answer. Name the error type and write the first corrected line that would repair it.
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COMPREHENSIVE LESSON NOTEBOOK

Worked answers and repair notes
H-A4 • Function transformations

1. WORKED ANSWER

Method: The change occurs outside the function. Answer: The graph of y=f(x) translated 4 units upward. Check: confirm the result against the original
conditions, units and expected scale.

2. WORKED ANSWER

Method: Horizontal transformations act in the opposite direction to the sign inside. Answer: The graph translated 3 units to the right. Check: confirm
the result against the original conditions, units and expected scale.

3. WORKED ANSWER

Method: All y-values are multiplied by -2. Answer: Reflection in the x-axis and vertical stretch by factor 2. Check: confirm the result against the
original conditions, units and expected scale.

4. WORKED ANSWER

Method: For f(3x) set 3x=2. Then subtract 1 from the y-value. Answer: (2/3,4). Check: confirm the result against the original conditions, units and
expected scale.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 5: Composite functions
Form and evaluate composite functions with attention to order and domain.

SPECIFICATION ALIGNMENT

Independent teaching summary for Qualifications Scotland Higher Mathematics: H-A5. This lesson develops conceptual understanding,
communication using symbols, fluency, logical reasoning and strategic competence.

Understand the mathematical object
Form and evaluate composite functions with attention to order and domain. The central idea is that a representation is useful only when
its meaning and conditions are explicit. In this higher algebraic reasoning lesson, first identify the quantities, structures or events
involved; then connect the words to notation, a diagram, a table or a graph. A reliable solution preserves that meaning at every step and
ends with an answer that fits the original context.

KEY VOCABULARY

expression; equation; factor; root; function; domain; range; representation; condition; verification

Three controlling ideas
Identify the algebraic object, its restrictions and the required form.
Choose a reversible transformation or a structure-preserving representation.
Check by expansion, substitution, graph features, sign analysis or an independent method.

PRIOR-KNOWLEDGE CHECK

Can you state the meaning of the key terms, identify the operation or relationship in “Let f(x)=2x+3 and g(x)=x^2. Find f(g(x)).”, and
predict the form or approximate size of the answer? Repair any weakness before continuing.

CHECKPOINT

Explain one method condition in a complete sentence. Give a simple valid example and one non-example that breaks the condition.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 5: Build the method
Composite functions

Reliable routine
Interpret: name the target, given information, conditions and units.
Represent: write an equation, diagram, table, graph or exact numerical structure.
Execute: show valid transformations or calculations in a readable order.
Verify: test size, sign, units, domain, accuracy and contextual meaning.

WORKED EXAMPLE 1

Let f(x)=2x+3 and g(x)=x^2. Find f(g(x)).

WORKED REASONING

1. Apply g first, then f.
Conclusion: 2x^2+3.

WORKED EXAMPLE 2

For the same functions find g(f(x)).

WORKED REASONING

1. Apply f first, then square.
Conclusion: (2x+3)^2.

SELF-EXPLANATION PROMPT

Which line contains the main mathematical decision? Which line checks interpretation, reasonableness or accuracy? Explain how the
method would change if one condition changed.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 5: Connect and reason
Composite functions

Why the method works
The method works because each stage preserves the defining relationship in the problem. A calculation is not merely a sequence of
button presses: it is a chain in which every symbol, operation and representation has a stated meaning. An independent check uses a
different feature - such as an inverse operation, an alternative representation, a bound, a unit or a limiting case - so it can reveal an
error rather than repeat it.

COMMON MISCONCEPTION

A common error is to use a familiar rule before checking its conditions. For H-A5, this can produce a plausible-looking answer with the
wrong structure, scale, sign, unit or interpretation. State the condition first, then apply the rule.

GUIDED REASONING TASK

Given f(x)=1/(x-2) and g(x)=3x, state the excluded value for f(g(x)). Before calculating, write: (a) what is known, (b) what is required, (c)
the controlling relationship, and (d) one check. Then complete the solution.

COMMUNICATION STANDARD

Use one mathematical statement per line. Define symbols, label units and diagrams, retain exact values until approximation is requested,
and close with a sentence that answers the actual question.

EXTENSION OR REPAIR

Change one value or condition in the guided task. Predict which steps remain valid and which must change. This is the difference between
memorising a routine and understanding composite functions.
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COMPREHENSIVE LESSON NOTEBOOK

Independent practice
H-A5 • Composite functions

Complete without notes. Show the setup, decisive working and final conclusion. Marks are independent teaching allocations, not official
Qualifications Scotland / former SQA marks.

1. Let f(x)=2x+3 and g(x)=x^2. Find f(g(x)). [4]

2. For the same functions find g(f(x)). [4]

3. Given f(x)=1/(x-2) and g(x)=3x, state the excluded value for f(g(x)). [4]

4. If f(g(x))=4x+1 and g(x)=2x-3, find a linear f. [4]

REFLECTION

Record the question number of your least secure answer. Name the error type and write the first corrected line that would repair it.
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COMPREHENSIVE LESSON NOTEBOOK

Worked answers and repair notes
H-A5 • Composite functions

1. WORKED ANSWER

Method: Apply g first, then f. Answer: 2x^2+3. Check: confirm the result against the original conditions, units and expected scale.

2. WORKED ANSWER

Method: Apply f first, then square. Answer: (2x+3)^2. Check: confirm the result against the original conditions, units and expected scale.

3. WORKED ANSWER

Method: f(g(x))=1/(3x-2). Answer: x not equal to 2/3. Check: confirm the result against the original conditions, units and expected scale.

4. WORKED ANSWER

Method: Let f(u)=2u+7. Then f(2x-3)=4x+1. Answer: f(x)=2x+7. Check: confirm the result against the original conditions, units and expected scale.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 6: Inverse functions, domain and range
Determine inverse functions and manage restrictions needed for one-to-one behaviour.

SPECIFICATION ALIGNMENT

Independent teaching summary for Qualifications Scotland Higher Mathematics: H-A6. This lesson develops conceptual understanding,
communication using symbols, fluency, logical reasoning and strategic competence.

Understand the mathematical object
Determine inverse functions and manage restrictions needed for one-to-one behaviour. The central idea is that a representation is useful
only when its meaning and conditions are explicit. In this higher algebraic reasoning lesson, first identify the quantities, structures or
events involved; then connect the words to notation, a diagram, a table or a graph. A reliable solution preserves that meaning at every
step and ends with an answer that fits the original context.

KEY VOCABULARY

expression; equation; factor; root; function; domain; range; representation; condition; verification

Three controlling ideas
Identify the algebraic object, its restrictions and the required form.
Choose a reversible transformation or a structure-preserving representation.
Check by expansion, substitution, graph features, sign analysis or an independent method.

PRIOR-KNOWLEDGE CHECK

Can you state the meaning of the key terms, identify the operation or relationship in “Find f^-1(x) for f(x)=3x-5.”, and predict the form or
approximate size of the answer? Repair any weakness before continuing.

CHECKPOINT

Explain one method condition in a complete sentence. Give a simple valid example and one non-example that breaks the condition.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 6: Build the method
Inverse functions, domain and range

Reliable routine
Interpret: name the target, given information, conditions and units.
Represent: write an equation, diagram, table, graph or exact numerical structure.
Execute: show valid transformations or calculations in a readable order.
Verify: test size, sign, units, domain, accuracy and contextual meaning.

WORKED EXAMPLE 1

Find f^-1(x) for f(x)=3x-5.

WORKED REASONING

1. Write y=3x-5, interchange x and y, then solve.
Conclusion: f^-1(x)=(x+5)/3.

WORKED EXAMPLE 2

Find the inverse of f(x)=x^2 for domain x>=0.

WORKED REASONING

1. The restriction makes f one-to-one.
Conclusion: f^-1(x)=sqrt(x), domain x>=0.

SELF-EXPLANATION PROMPT

Which line contains the main mathematical decision? Which line checks interpretation, reasonableness or accuracy? Explain how the
method would change if one condition changed.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 6: Connect and reason
Inverse functions, domain and range

Why the method works
The method works because each stage preserves the defining relationship in the problem. A calculation is not merely a sequence of
button presses: it is a chain in which every symbol, operation and representation has a stated meaning. An independent check uses a
different feature - such as an inverse operation, an alternative representation, a bound, a unit or a limiting case - so it can reveal an
error rather than repeat it.

COMMON MISCONCEPTION

A common error is to use a familiar rule before checking its conditions. For H-A6, this can produce a plausible-looking answer with the
wrong structure, scale, sign, unit or interpretation. State the condition first, then apply the rule.

GUIDED REASONING TASK

For f(x)=2/(x+1), find f^-1(x). Before calculating, write: (a) what is known, (b) what is required, (c) the controlling relationship, and (d) one
check. Then complete the solution.

COMMUNICATION STANDARD

Use one mathematical statement per line. Define symbols, label units and diagrams, retain exact values until approximation is requested,
and close with a sentence that answers the actual question.

EXTENSION OR REPAIR

Change one value or condition in the guided task. Predict which steps remain valid and which must change. This is the difference between
memorising a routine and understanding inverse functions, domain and range.
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COMPREHENSIVE LESSON NOTEBOOK

Independent practice
H-A6 • Inverse functions, domain and range

Complete without notes. Show the setup, decisive working and final conclusion. Marks are independent teaching allocations, not official
Qualifications Scotland / former SQA marks.

1. Find f^-1(x) for f(x)=3x-5. [4]

2. Find the inverse of f(x)=x^2 for domain x>=0. [4]

3. For f(x)=2/(x+1), find f^-1(x). [4]

4. State the range of f(x)=(x-4)^2+3 with domain all real numbers. [4]

REFLECTION

Record the question number of your least secure answer. Name the error type and write the first corrected line that would repair it.
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COMPREHENSIVE LESSON NOTEBOOK

Worked answers and repair notes
H-A6 • Inverse functions, domain and range

1. WORKED ANSWER

Method: Write y=3x-5, interchange x and y, then solve. Answer: f^-1(x)=(x+5)/3. Check: confirm the result against the original conditions, units and
expected scale.

2. WORKED ANSWER

Method: The restriction makes f one-to-one. Answer: f^-1(x)=sqrt(x), domain x>=0. Check: confirm the result against the original conditions, units
and expected scale.

3. WORKED ANSWER

Method: Solve y=2/(x+1) for x, then interchange labels. Answer: f^-1(x)=2/x-1, x not equal to 0. Check: confirm the result against the original
conditions, units and expected scale.

4. WORKED ANSWER

Method: A square is non-negative. Answer: f(x)>=3. Check: confirm the result against the original conditions, units and expected scale.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 7: Discriminant parameter problems
Use the nature of quadratic roots to determine unknown constants.

SPECIFICATION ALIGNMENT

Independent teaching summary for Qualifications Scotland Higher Mathematics: H-A7. This lesson develops conceptual understanding,
communication using symbols, fluency, logical reasoning and strategic competence.

Understand the mathematical object
Use the nature of quadratic roots to determine unknown constants. The central idea is that a representation is useful only when its
meaning and conditions are explicit. In this higher algebraic reasoning lesson, first identify the quantities, structures or events involved;
then connect the words to notation, a diagram, a table or a graph. A reliable solution preserves that meaning at every step and ends with
an answer that fits the original context.

KEY VOCABULARY

expression; equation; factor; root; function; domain; range; representation; condition; verification

Three controlling ideas
Identify the algebraic object, its restrictions and the required form.
Choose a reversible transformation or a structure-preserving representation.
Check by expansion, substitution, graph features, sign analysis or an independent method.

PRIOR-KNOWLEDGE CHECK

Can you state the meaning of the key terms, identify the operation or relationship in “Find k if x^2+kx+16=0 has equal roots.”, and
predict the form or approximate size of the answer? Repair any weakness before continuing.

CHECKPOINT

Explain one method condition in a complete sentence. Give a simple valid example and one non-example that breaks the condition.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 7: Build the method
Discriminant parameter problems

Reliable routine
Interpret: name the target, given information, conditions and units.
Represent: write an equation, diagram, table, graph or exact numerical structure.
Execute: show valid transformations or calculations in a readable order.
Verify: test size, sign, units, domain, accuracy and contextual meaning.

WORKED EXAMPLE 1

Find k if x^2+kx+16=0 has equal roots.

WORKED REASONING

1. Set k^2-64=0.
Conclusion: k=8 or k=-8.

WORKED EXAMPLE 2

Find the values of p for which x^2+px+p+3=0 has no real roots.

WORKED REASONING

1. Require p^2-4p-12<0.
2. Factor (p-6)(p+2)<0.
Conclusion: -2<p<6.

SELF-EXPLANATION PROMPT

Which line contains the main mathematical decision? Which line checks interpretation, reasonableness or accuracy? Explain how the
method would change if one condition changed.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 7: Connect and reason
Discriminant parameter problems

Why the method works
The method works because each stage preserves the defining relationship in the problem. A calculation is not merely a sequence of
button presses: it is a chain in which every symbol, operation and representation has a stated meaning. An independent check uses a
different feature - such as an inverse operation, an alternative representation, a bound, a unit or a limiting case - so it can reveal an
error rather than repeat it.

COMMON MISCONCEPTION

A common error is to use a familiar rule before checking its conditions. For H-A7, this can produce a plausible-looking answer with the
wrong structure, scale, sign, unit or interpretation. State the condition first, then apply the rule.

GUIDED REASONING TASK

The line y=mx+1 is tangent to y=x^2-3x+5. Find m. Before calculating, write: (a) what is known, (b) what is required, (c) the controlling
relationship, and (d) one check. Then complete the solution.

COMMUNICATION STANDARD

Use one mathematical statement per line. Define symbols, label units and diagrams, retain exact values until approximation is requested,
and close with a sentence that answers the actual question.

EXTENSION OR REPAIR

Change one value or condition in the guided task. Predict which steps remain valid and which must change. This is the difference between
memorising a routine and understanding discriminant parameter problems.
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COMPREHENSIVE LESSON NOTEBOOK

Independent practice
H-A7 • Discriminant parameter problems

Complete without notes. Show the setup, decisive working and final conclusion. Marks are independent teaching allocations, not official
Qualifications Scotland / former SQA marks.

1. Find k if x^2+kx+16=0 has equal roots. [4]

2. Find the values of p for which x^2+px+p+3=0 has no real roots. [4]

3. The line y=mx+1 is tangent to y=x^2-3x+5. Find m. [4]

4. Find c if 2x^2-4x+c=0 has two distinct real roots. [4]

REFLECTION

Record the question number of your least secure answer. Name the error type and write the first corrected line that would repair it.
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COMPREHENSIVE LESSON NOTEBOOK

Worked answers and repair notes
H-A7 • Discriminant parameter problems

1. WORKED ANSWER

Method: Set k^2-64=0. Answer: k=8 or k=-8. Check: confirm the result against the original conditions, units and expected scale.

2. WORKED ANSWER

Method: Require p^2-4p-12<0. Factor (p-6)(p+2)<0. Answer: -2<p<6. Check: confirm the result against the original conditions, units and expected
scale.

3. WORKED ANSWER

Method: Equate to get x^2-(m+3)x+4=0. Tangency requires (m+3)^2-16=0. Answer: m=1 or m=-7. Check: confirm the result against the original
conditions, units and expected scale.

4. WORKED ANSWER

Method: Require 16-8c>0. Answer: c<2. Check: confirm the result against the original conditions, units and expected scale.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 8: Quadratic inequalities
Solve quadratic inequalities using roots and sign analysis.

SPECIFICATION ALIGNMENT

Independent teaching summary for Qualifications Scotland Higher Mathematics: H-A8. This lesson develops conceptual understanding,
communication using symbols, fluency, logical reasoning and strategic competence.

Understand the mathematical object
Solve quadratic inequalities using roots and sign analysis. The central idea is that a representation is useful only when its meaning and
conditions are explicit. In this higher algebraic reasoning lesson, first identify the quantities, structures or events involved; then connect
the words to notation, a diagram, a table or a graph. A reliable solution preserves that meaning at every step and ends with an answer
that fits the original context.

KEY VOCABULARY

expression; equation; factor; root; function; domain; range; representation; condition; verification

Three controlling ideas
Identify the algebraic object, its restrictions and the required form.
Choose a reversible transformation or a structure-preserving representation.
Check by expansion, substitution, graph features, sign analysis or an independent method.

PRIOR-KNOWLEDGE CHECK

Can you state the meaning of the key terms, identify the operation or relationship in “Solve x^2-5x+6>0.”, and predict the form or
approximate size of the answer? Repair any weakness before continuing.

CHECKPOINT

Explain one method condition in a complete sentence. Give a simple valid example and one non-example that breaks the condition.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 8: Build the method
Quadratic inequalities

Reliable routine
Interpret: name the target, given information, conditions and units.
Represent: write an equation, diagram, table, graph or exact numerical structure.
Execute: show valid transformations or calculations in a readable order.
Verify: test size, sign, units, domain, accuracy and contextual meaning.

WORKED EXAMPLE 1

Solve x^2-5x+6>0.

WORKED REASONING

1. Factorise as (x-2)(x-3).
2. An upward parabola is positive outside its roots.
Conclusion: x<2 or x>3.

WORKED EXAMPLE 2

Solve 2x^2+x-3<=0.

WORKED REASONING

1. Factorise as (2x+3)(x-1).
2. Include the roots.
Conclusion: -3/2<=x<=1.

SELF-EXPLANATION PROMPT

Which line contains the main mathematical decision? Which line checks interpretation, reasonableness or accuracy? Explain how the
method would change if one condition changed.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 8: Connect and reason
Quadratic inequalities

Why the method works
The method works because each stage preserves the defining relationship in the problem. A calculation is not merely a sequence of
button presses: it is a chain in which every symbol, operation and representation has a stated meaning. An independent check uses a
different feature - such as an inverse operation, an alternative representation, a bound, a unit or a limiting case - so it can reveal an
error rather than repeat it.

COMMON MISCONCEPTION

A common error is to use a familiar rule before checking its conditions. For H-A8, this can produce a plausible-looking answer with the
wrong structure, scale, sign, unit or interpretation. State the condition first, then apply the rule.

GUIDED REASONING TASK

Solve x^2+4x+8<0. Before calculating, write: (a) what is known, (b) what is required, (c) the controlling relationship, and (d) one check.
Then complete the solution.

COMMUNICATION STANDARD

Use one mathematical statement per line. Define symbols, label units and diagrams, retain exact values until approximation is requested,
and close with a sentence that answers the actual question.

EXTENSION OR REPAIR

Change one value or condition in the guided task. Predict which steps remain valid and which must change. This is the difference between
memorising a routine and understanding quadratic inequalities.
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COMPREHENSIVE LESSON NOTEBOOK

Independent practice
H-A8 • Quadratic inequalities

Complete without notes. Show the setup, decisive working and final conclusion. Marks are independent teaching allocations, not official
Qualifications Scotland / former SQA marks.

1. Solve x^2-5x+6>0. [4]

2. Solve 2x^2+x-3<=0. [4]

3. Solve x^2+4x+8<0. [4]

4. Solve (x-4)(x+1)>=0. [4]

REFLECTION

Record the question number of your least secure answer. Name the error type and write the first corrected line that would repair it.
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COMPREHENSIVE LESSON NOTEBOOK

Worked answers and repair notes
H-A8 • Quadratic inequalities

1. WORKED ANSWER

Method: Factorise as (x-2)(x-3). An upward parabola is positive outside its roots. Answer: x<2 or x>3. Check: confirm the result against the original
conditions, units and expected scale.

2. WORKED ANSWER

Method: Factorise as (2x+3)(x-1). Include the roots. Answer: -3/2<=x<=1. Check: confirm the result against the original conditions, units and
expected scale.

3. WORKED ANSWER

Method: Complete the square: (x+2)^2+4 is always positive. Answer: No real solutions. Check: confirm the result against the original conditions,
units and expected scale.

4. WORKED ANSWER

Method: Use a sign chart or graph. Answer: x<=-1 or x>=4. Check: confirm the result against the original conditions, units and expected scale.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 9: Intersections of lines and curves
Find and interpret intersections by solving simultaneous equations.

SPECIFICATION ALIGNMENT

Independent teaching summary for Qualifications Scotland Higher Mathematics: H-A9. This lesson develops conceptual understanding,
communication using symbols, fluency, logical reasoning and strategic competence.

Understand the mathematical object
Find and interpret intersections by solving simultaneous equations. The central idea is that a representation is useful only when its
meaning and conditions are explicit. In this higher algebraic reasoning lesson, first identify the quantities, structures or events involved;
then connect the words to notation, a diagram, a table or a graph. A reliable solution preserves that meaning at every step and ends with
an answer that fits the original context.

KEY VOCABULARY

expression; equation; factor; root; function; domain; range; representation; condition; verification

Three controlling ideas
Identify the algebraic object, its restrictions and the required form.
Choose a reversible transformation or a structure-preserving representation.
Check by expansion, substitution, graph features, sign analysis or an independent method.

PRIOR-KNOWLEDGE CHECK

Can you state the meaning of the key terms, identify the operation or relationship in “Find intersections of y=2x+3 and y=x^2-2x+3.”, and
predict the form or approximate size of the answer? Repair any weakness before continuing.

CHECKPOINT

Explain one method condition in a complete sentence. Give a simple valid example and one non-example that breaks the condition.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 9: Build the method
Intersections of lines and curves

Reliable routine
Interpret: name the target, given information, conditions and units.
Represent: write an equation, diagram, table, graph or exact numerical structure.
Execute: show valid transformations or calculations in a readable order.
Verify: test size, sign, units, domain, accuracy and contextual meaning.

WORKED EXAMPLE 1

Find intersections of y=2x+3 and y=x^2-2x+3.

WORKED REASONING

1. Equate to get x^2-4x=0.
Conclusion: (0,3) and (4,11).

WORKED EXAMPLE 2

Find intersections of y=x+5 and xy=6.

WORKED REASONING

1. Substitute y=x+5 into x(x+5)=6.
2. Solve x^2+5x-6=0.
Conclusion: (1,6) and (-6,-1).

SELF-EXPLANATION PROMPT

Which line contains the main mathematical decision? Which line checks interpretation, reasonableness or accuracy? Explain how the
method would change if one condition changed.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 9: Connect and reason
Intersections of lines and curves

Why the method works
The method works because each stage preserves the defining relationship in the problem. A calculation is not merely a sequence of
button presses: it is a chain in which every symbol, operation and representation has a stated meaning. An independent check uses a
different feature - such as an inverse operation, an alternative representation, a bound, a unit or a limiting case - so it can reveal an
error rather than repeat it.

COMMON MISCONCEPTION

A common error is to use a familiar rule before checking its conditions. For H-A9, this can produce a plausible-looking answer with the
wrong structure, scale, sign, unit or interpretation. State the condition first, then apply the rule.

GUIDED REASONING TASK

Determine whether y=4x-1 meets y=x^2+2x+5. Before calculating, write: (a) what is known, (b) what is required, (c) the controlling
relationship, and (d) one check. Then complete the solution.

COMMUNICATION STANDARD

Use one mathematical statement per line. Define symbols, label units and diagrams, retain exact values until approximation is requested,
and close with a sentence that answers the actual question.

EXTENSION OR REPAIR

Change one value or condition in the guided task. Predict which steps remain valid and which must change. This is the difference between
memorising a routine and understanding intersections of lines and curves.
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COMPREHENSIVE LESSON NOTEBOOK

Independent practice
H-A9 • Intersections of lines and curves

Complete without notes. Show the setup, decisive working and final conclusion. Marks are independent teaching allocations, not official
Qualifications Scotland / former SQA marks.

1. Find intersections of y=2x+3 and y=x^2-2x+3. [4]

2. Find intersections of y=x+5 and xy=6. [4]

3. Determine whether y=4x-1 meets y=x^2+2x+5. [4]

4. The curves y=x^2 and y=8-x^2 meet at two points. Find them. [4]

REFLECTION

Record the question number of your least secure answer. Name the error type and write the first corrected line that would repair it.
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COMPREHENSIVE LESSON NOTEBOOK

Worked answers and repair notes
H-A9 • Intersections of lines and curves

1. WORKED ANSWER

Method: Equate to get x^2-4x=0. Answer: (0,3) and (4,11). Check: confirm the result against the original conditions, units and expected scale.

2. WORKED ANSWER

Method: Substitute y=x+5 into x(x+5)=6. Solve x^2+5x-6=0. Answer: (1,6) and (-6,-1). Check: confirm the result against the original conditions,
units and expected scale.

3. WORKED ANSWER

Method: Equating gives x^2-2x+6=0 with negative discriminant. Answer: No real intersection. Check: confirm the result against the original
conditions, units and expected scale.

4. WORKED ANSWER

Method: Set 2x^2=8. Answer: (-2,4) and (2,4). Check: confirm the result against the original conditions, units and expected scale.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 10: Lines, angles and perpendicularity
Use gradients, m=tan(theta), and parallel or perpendicular conditions.

SPECIFICATION ALIGNMENT

Independent teaching summary for Qualifications Scotland Higher Mathematics: H-A10. This lesson develops conceptual understanding,
communication using symbols, fluency, logical reasoning and strategic competence.

Understand the mathematical object
Use gradients, m=tan(theta), and parallel or perpendicular conditions. The central idea is that a representation is useful only when its
meaning and conditions are explicit. In this higher algebraic reasoning lesson, first identify the quantities, structures or events involved;
then connect the words to notation, a diagram, a table or a graph. A reliable solution preserves that meaning at every step and ends with
an answer that fits the original context.

KEY VOCABULARY

expression; equation; factor; root; function; domain; range; representation; condition; verification

Three controlling ideas
Identify the algebraic object, its restrictions and the required form.
Choose a reversible transformation or a structure-preserving representation.
Check by expansion, substitution, graph features, sign analysis or an independent method.

PRIOR-KNOWLEDGE CHECK

Can you state the meaning of the key terms, identify the operation or relationship in “Find the line through (3,-1) parallel to 2x-5y=7.”, and
predict the form or approximate size of the answer? Repair any weakness before continuing.

CHECKPOINT

Explain one method condition in a complete sentence. Give a simple valid example and one non-example that breaks the condition.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 10: Build the method
Lines, angles and perpendicularity

Reliable routine
Interpret: name the target, given information, conditions and units.
Represent: write an equation, diagram, table, graph or exact numerical structure.
Execute: show valid transformations or calculations in a readable order.
Verify: test size, sign, units, domain, accuracy and contextual meaning.

WORKED EXAMPLE 1

Find the line through (3,-1) parallel to 2x-5y=7.

WORKED REASONING

1. The gradient is 2/5.
2. Use point-gradient form.
Conclusion: y=(2/5)x-11/5.

WORKED EXAMPLE 2

Find the line through (4,2) perpendicular to y=-3x+7.

WORKED REASONING

1. The perpendicular gradient is 1/3.
Conclusion: y=(1/3)x+2/3.

SELF-EXPLANATION PROMPT

Which line contains the main mathematical decision? Which line checks interpretation, reasonableness or accuracy? Explain how the
method would change if one condition changed.



GCSE ONLINE TUTORING  ×  RS REMOTE TUTORING HIGHER • ALGEBRA

CHAPTER 10 • CONNECT & REASON

gcseonlinetutoring.uk  •  rsremotetutoring.co.uk © 2026 GCSE Online Tutoring & RS Remote Tutoring Page 52

COMPREHENSIVE LESSON NOTEBOOK

Chapter 10: Connect and reason
Lines, angles and perpendicularity

Why the method works
The method works because each stage preserves the defining relationship in the problem. A calculation is not merely a sequence of
button presses: it is a chain in which every symbol, operation and representation has a stated meaning. An independent check uses a
different feature - such as an inverse operation, an alternative representation, a bound, a unit or a limiting case - so it can reveal an
error rather than repeat it.

COMMON MISCONCEPTION

A common error is to use a familiar rule before checking its conditions. For H-A10, this can produce a plausible-looking answer with the
wrong structure, scale, sign, unit or interpretation. State the condition first, then apply the rule.

GUIDED REASONING TASK

Find the acute angle a line of gradient sqrt(3) makes with the positive x-axis. Before calculating, write: (a) what is known, (b) what is
required, (c) the controlling relationship, and (d) one check. Then complete the solution.

COMMUNICATION STANDARD

Use one mathematical statement per line. Define symbols, label units and diagrams, retain exact values until approximation is requested,
and close with a sentence that answers the actual question.

EXTENSION OR REPAIR

Change one value or condition in the guided task. Predict which steps remain valid and which must change. This is the difference between
memorising a routine and understanding lines, angles and perpendicularity.
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COMPREHENSIVE LESSON NOTEBOOK

Independent practice
H-A10 • Lines, angles and perpendicularity

Complete without notes. Show the setup, decisive working and final conclusion. Marks are independent teaching allocations, not official
Qualifications Scotland / former SQA marks.

1. Find the line through (3,-1) parallel to 2x-5y=7. [4]

2. Find the line through (4,2) perpendicular to y=-3x+7. [4]

3. Find the acute angle a line of gradient sqrt(3) makes with the positive x-axis. [4]

4. Show that the lines joining A(0,0) to B(2,6) and B to C(8,4) are perpendicular. [4]

REFLECTION

Record the question number of your least secure answer. Name the error type and write the first corrected line that would repair it.
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COMPREHENSIVE LESSON NOTEBOOK

Worked answers and repair notes
H-A10 • Lines, angles and perpendicularity

1. WORKED ANSWER

Method: The gradient is 2/5. Use point-gradient form. Answer: y=(2/5)x-11/5. Check: confirm the result against the original conditions, units and
expected scale.

2. WORKED ANSWER

Method: The perpendicular gradient is 1/3. Answer: y=(1/3)x+2/3. Check: confirm the result against the original conditions, units and expected scale.

3. WORKED ANSWER

Method: Use tan(theta)=sqrt(3). Answer: 60 degrees. Check: confirm the result against the original conditions, units and expected scale.

4. WORKED ANSWER

Method: Calculate each gradient. Answer: Gradients are 3 and -1/3, whose product is -1. Check: confirm the result against the original conditions,
units and expected scale.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 11: Circle equations
Determine and use equations of circles from centre-radius form.

SPECIFICATION ALIGNMENT

Independent teaching summary for Qualifications Scotland Higher Mathematics: H-A11. This lesson develops conceptual understanding,
communication using symbols, fluency, logical reasoning and strategic competence.

Understand the mathematical object
Determine and use equations of circles from centre-radius form. The central idea is that a representation is useful only when its meaning
and conditions are explicit. In this higher algebraic reasoning lesson, first identify the quantities, structures or events involved; then
connect the words to notation, a diagram, a table or a graph. A reliable solution preserves that meaning at every step and ends with an
answer that fits the original context.

KEY VOCABULARY

expression; equation; factor; root; function; domain; range; representation; condition; verification

Three controlling ideas
Identify the algebraic object, its restrictions and the required form.
Choose a reversible transformation or a structure-preserving representation.
Check by expansion, substitution, graph features, sign analysis or an independent method.

PRIOR-KNOWLEDGE CHECK

Can you state the meaning of the key terms, identify the operation or relationship in “State the centre and radius of
(x-3)^2+(y+2)^2=25.”, and predict the form or approximate size of the answer? Repair any weakness before continuing.

CHECKPOINT

Explain one method condition in a complete sentence. Give a simple valid example and one non-example that breaks the condition.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 11: Build the method
Circle equations

Reliable routine
Interpret: name the target, given information, conditions and units.
Represent: write an equation, diagram, table, graph or exact numerical structure.
Execute: show valid transformations or calculations in a readable order.
Verify: test size, sign, units, domain, accuracy and contextual meaning.

WORKED EXAMPLE 1

State the centre and radius of (x-3)^2+(y+2)^2=25.

WORKED REASONING

1. Compare with (x-a)^2+(y-b)^2=r^2.
Conclusion: Centre (3,-2), radius 5.

WORKED EXAMPLE 2

Find the equation of the circle with centre (-1,4) through (2,8).

WORKED REASONING

1. The radius is the distance 5.
Conclusion: (x+1)^2+(y-4)^2=25.

SELF-EXPLANATION PROMPT

Which line contains the main mathematical decision? Which line checks interpretation, reasonableness or accuracy? Explain how the
method would change if one condition changed.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 11: Connect and reason
Circle equations

Why the method works
The method works because each stage preserves the defining relationship in the problem. A calculation is not merely a sequence of
button presses: it is a chain in which every symbol, operation and representation has a stated meaning. An independent check uses a
different feature - such as an inverse operation, an alternative representation, a bound, a unit or a limiting case - so it can reveal an
error rather than repeat it.

COMMON MISCONCEPTION

A common error is to use a familiar rule before checking its conditions. For H-A11, this can produce a plausible-looking answer with the
wrong structure, scale, sign, unit or interpretation. State the condition first, then apply the rule.

GUIDED REASONING TASK

Write x^2+y^2-6x+4y-12=0 in centre-radius form. Before calculating, write: (a) what is known, (b) what is required, (c) the controlling
relationship, and (d) one check. Then complete the solution.

COMMUNICATION STANDARD

Use one mathematical statement per line. Define symbols, label units and diagrams, retain exact values until approximation is requested,
and close with a sentence that answers the actual question.

EXTENSION OR REPAIR

Change one value or condition in the guided task. Predict which steps remain valid and which must change. This is the difference between
memorising a routine and understanding circle equations.
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COMPREHENSIVE LESSON NOTEBOOK

Independent practice
H-A11 • Circle equations

Complete without notes. Show the setup, decisive working and final conclusion. Marks are independent teaching allocations, not official
Qualifications Scotland / former SQA marks.

1. State the centre and radius of (x-3)^2+(y+2)^2=25. [4]

2. Find the equation of the circle with centre (-1,4) through (2,8). [4]

3. Write x^2+y^2-6x+4y-12=0 in centre-radius form. [4]

4. Does (6,2) lie on (x-1)^2+(y+2)^2=41? [4]

REFLECTION

Record the question number of your least secure answer. Name the error type and write the first corrected line that would repair it.
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COMPREHENSIVE LESSON NOTEBOOK

Worked answers and repair notes
H-A11 • Circle equations

1. WORKED ANSWER

Method: Compare with (x-a)^2+(y-b)^2=r^2. Answer: Centre (3,-2), radius 5. Check: confirm the result against the original conditions, units and
expected scale.

2. WORKED ANSWER

Method: The radius is the distance 5. Answer: (x+1)^2+(y-4)^2=25. Check: confirm the result against the original conditions, units and expected
scale.

3. WORKED ANSWER

Method: Complete the square in x and y. Answer: (x-3)^2+(y+2)^2=25. Check: confirm the result against the original conditions, units and expected
scale.

4. WORKED ANSWER

Method: Substitution gives 25+16=41. Answer: Yes. Check: confirm the result against the original conditions, units and expected scale.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 12: Tangents and circle intersections
Use tangency and solve line-circle or circle-circle intersection problems.

SPECIFICATION ALIGNMENT

Independent teaching summary for Qualifications Scotland Higher Mathematics: H-A12. This lesson develops conceptual understanding,
communication using symbols, fluency, logical reasoning and strategic competence.

Understand the mathematical object
Use tangency and solve line-circle or circle-circle intersection problems. The central idea is that a representation is useful only when its
meaning and conditions are explicit. In this higher algebraic reasoning lesson, first identify the quantities, structures or events involved;
then connect the words to notation, a diagram, a table or a graph. A reliable solution preserves that meaning at every step and ends with
an answer that fits the original context.

KEY VOCABULARY

expression; equation; factor; root; function; domain; range; representation; condition; verification

Three controlling ideas
Identify the algebraic object, its restrictions and the required form.
Choose a reversible transformation or a structure-preserving representation.
Check by expansion, substitution, graph features, sign analysis or an independent method.

PRIOR-KNOWLEDGE CHECK

Can you state the meaning of the key terms, identify the operation or relationship in “Find the tangent to x^2+y^2=25 at (3,4).”, and
predict the form or approximate size of the answer? Repair any weakness before continuing.

CHECKPOINT

Explain one method condition in a complete sentence. Give a simple valid example and one non-example that breaks the condition.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 12: Build the method
Tangents and circle intersections

Reliable routine
Interpret: name the target, given information, conditions and units.
Represent: write an equation, diagram, table, graph or exact numerical structure.
Execute: show valid transformations or calculations in a readable order.
Verify: test size, sign, units, domain, accuracy and contextual meaning.

WORKED EXAMPLE 1

Find the tangent to x^2+y^2=25 at (3,4).

WORKED REASONING

1. The radius gradient is 4/3, so the tangent gradient is -3/4.
2. Use point-gradient form.
Conclusion: 3x+4y=25.

WORKED EXAMPLE 2

Find intersections of x^2+y^2=25 and y=4.

WORKED REASONING

1. Substitute y=4 to obtain x^2=9.
Conclusion: (-3,4) and (3,4).

SELF-EXPLANATION PROMPT

Which line contains the main mathematical decision? Which line checks interpretation, reasonableness or accuracy? Explain how the
method would change if one condition changed.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 12: Connect and reason
Tangents and circle intersections

Why the method works
The method works because each stage preserves the defining relationship in the problem. A calculation is not merely a sequence of
button presses: it is a chain in which every symbol, operation and representation has a stated meaning. An independent check uses a
different feature - such as an inverse operation, an alternative representation, a bound, a unit or a limiting case - so it can reveal an
error rather than repeat it.

COMMON MISCONCEPTION

A common error is to use a familiar rule before checking its conditions. For H-A12, this can produce a plausible-looking answer with the
wrong structure, scale, sign, unit or interpretation. State the condition first, then apply the rule.

GUIDED REASONING TASK

Show y=2x+5 is tangent to x^2+y^2=5. Before calculating, write: (a) what is known, (b) what is required, (c) the controlling relationship,
and (d) one check. Then complete the solution.

COMMUNICATION STANDARD

Use one mathematical statement per line. Define symbols, label units and diagrams, retain exact values until approximation is requested,
and close with a sentence that answers the actual question.

EXTENSION OR REPAIR

Change one value or condition in the guided task. Predict which steps remain valid and which must change. This is the difference between
memorising a routine and understanding tangents and circle intersections.
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Independent practice
H-A12 • Tangents and circle intersections

Complete without notes. Show the setup, decisive working and final conclusion. Marks are independent teaching allocations, not official
Qualifications Scotland / former SQA marks.

1. Find the tangent to x^2+y^2=25 at (3,4). [4]

2. Find intersections of x^2+y^2=25 and y=4. [4]

3. Show y=2x+5 is tangent to x^2+y^2=5. [4]

4. Find intersections of x^2+y^2=25 and (x-6)^2+y^2=25. [4]

REFLECTION

Record the question number of your least secure answer. Name the error type and write the first corrected line that would repair it.
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Worked answers and repair notes
H-A12 • Tangents and circle intersections

1. WORKED ANSWER

Method: The radius gradient is 4/3, so the tangent gradient is -3/4. Use point-gradient form. Answer: 3x+4y=25. Check: confirm the result against the
original conditions, units and expected scale.

2. WORKED ANSWER

Method: Substitute y=4 to obtain x^2=9. Answer: (-3,4) and (3,4). Check: confirm the result against the original conditions, units and expected scale.

3. WORKED ANSWER

Method: A repeated solution proves tangency. Answer: Substitution gives 5x^2+20x+20=0, or (x+2)^2=0. Check: confirm the result against the
original conditions, units and expected scale.

4. WORKED ANSWER

Method: Subtract equations to get x=3. Then solve y^2=16. Answer: (3,4) and (3,-4). Check: confirm the result against the original conditions, units
and expected scale.
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COMPREHENSIVE LESSON NOTEBOOK

Chapter 13: Recurrence relations
Build and use recurrence relations from contextual information.

SPECIFICATION ALIGNMENT

Independent teaching summary for Qualifications Scotland Higher Mathematics: H-A13. This lesson develops conceptual understanding,
communication using symbols, fluency, logical reasoning and strategic competence.

Understand the mathematical object
Build and use recurrence relations from contextual information. The central idea is that a representation is useful only when its meaning
and conditions are explicit. In this higher algebraic reasoning lesson, first identify the quantities, structures or events involved; then
connect the words to notation, a diagram, a table or a graph. A reliable solution preserves that meaning at every step and ends with an
answer that fits the original context.

KEY VOCABULARY

expression; equation; factor; root; function; domain; range; representation; condition; verification

Three controlling ideas
Identify the algebraic object, its restrictions and the required form.
Choose a reversible transformation or a structure-preserving representation.
Check by expansion, substitution, graph features, sign analysis or an independent method.

PRIOR-KNOWLEDGE CHECK

Can you state the meaning of the key terms, identify the operation or relationship in “A balance starts at 500 and grows 4% yearly with a
GBP 30 deposit after interest. Write a recurrence.”, and predict the form or approximate size of the answer? Repair any weakness before
continuing.

CHECKPOINT

Explain one method condition in a complete sentence. Give a simple valid example and one non-example that breaks the condition.
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Chapter 13: Build the method
Recurrence relations

Reliable routine
Interpret: name the target, given information, conditions and units.
Represent: write an equation, diagram, table, graph or exact numerical structure.
Execute: show valid transformations or calculations in a readable order.
Verify: test size, sign, units, domain, accuracy and contextual meaning.

WORKED EXAMPLE 1

A balance starts at 500 and grows 4% yearly with a GBP 30 deposit after interest. Write a recurrence.

WORKED REASONING

1. Translate the order of operations carefully.
Conclusion: u_0=500, u_(n+1)=1.04u_n+30.

WORKED EXAMPLE 2

For u_0=2, u_(n+1)=3u_n-1, find u_3.

WORKED REASONING

1. u_1=5, u_2=14, u_3=41.
Conclusion: 41.

SELF-EXPLANATION PROMPT

Which line contains the main mathematical decision? Which line checks interpretation, reasonableness or accuracy? Explain how the
method would change if one condition changed.
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Chapter 13: Connect and reason
Recurrence relations

Why the method works
The method works because each stage preserves the defining relationship in the problem. A calculation is not merely a sequence of
button presses: it is a chain in which every symbol, operation and representation has a stated meaning. An independent check uses a
different feature - such as an inverse operation, an alternative representation, a bound, a unit or a limiting case - so it can reveal an
error rather than repeat it.

COMMON MISCONCEPTION

A common error is to use a familiar rule before checking its conditions. For H-A13, this can produce a plausible-looking answer with the
wrong structure, scale, sign, unit or interpretation. State the condition first, then apply the rule.

GUIDED REASONING TASK

A temperature is 80 and each minute moves 20% toward room temperature 20. Write a recurrence. Before calculating, write: (a) what is
known, (b) what is required, (c) the controlling relationship, and (d) one check. Then complete the solution.

COMMUNICATION STANDARD

Use one mathematical statement per line. Define symbols, label units and diagrams, retain exact values until approximation is requested,
and close with a sentence that answers the actual question.

EXTENSION OR REPAIR

Change one value or condition in the guided task. Predict which steps remain valid and which must change. This is the difference between
memorising a routine and understanding recurrence relations.
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Independent practice
H-A13 • Recurrence relations

Complete without notes. Show the setup, decisive working and final conclusion. Marks are independent teaching allocations, not official
Qualifications Scotland / former SQA marks.

1. A balance starts at 500 and grows 4% yearly with a GBP 30 deposit after interest. Write a recurrence. [4]

2. For u_0=2, u_(n+1)=3u_n-1, find u_3. [4]

3. A temperature is 80 and each minute moves 20% toward room temperature 20. Write a recurrence. [4]

4. Explain why u_(n+1)=0.7u_n+12 may approach a finite limit. [4]

REFLECTION

Record the question number of your least secure answer. Name the error type and write the first corrected line that would repair it.
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Worked answers and repair notes
H-A13 • Recurrence relations

1. WORKED ANSWER

Method: Translate the order of operations carefully. Answer: u_0=500, u_(n+1)=1.04u_n+30. Check: confirm the result against the original
conditions, units and expected scale.

2. WORKED ANSWER

Method: u_1=5, u_2=14, u_3=41. Answer: 41. Check: confirm the result against the original conditions, units and expected scale.

3. WORKED ANSWER

Method: Retain 80% of the current value and add 20% of 20. Answer: T_0=80, T_(n+1)=0.8T_n+4. Check: confirm the result against the original
conditions, units and expected scale.

4. WORKED ANSWER

Method: A fixed point can exist. Answer: The multiplier has magnitude less than 1, so successive deviations shrink. Check: confirm the result against
the original conditions, units and expected scale.
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Chapter 14: Limits of sequences
Find and interpret limits of convergent linear recurrence sequences.

SPECIFICATION ALIGNMENT

Independent teaching summary for Qualifications Scotland Higher Mathematics: H-A14. This lesson develops conceptual understanding,
communication using symbols, fluency, logical reasoning and strategic competence.

Understand the mathematical object
Find and interpret limits of convergent linear recurrence sequences. The central idea is that a representation is useful only when its
meaning and conditions are explicit. In this higher algebraic reasoning lesson, first identify the quantities, structures or events involved;
then connect the words to notation, a diagram, a table or a graph. A reliable solution preserves that meaning at every step and ends with
an answer that fits the original context.

KEY VOCABULARY

expression; equation; factor; root; function; domain; range; representation; condition; verification

Three controlling ideas
Identify the algebraic object, its restrictions and the required form.
Choose a reversible transformation or a structure-preserving representation.
Check by expansion, substitution, graph features, sign analysis or an independent method.

PRIOR-KNOWLEDGE CHECK

Can you state the meaning of the key terms, identify the operation or relationship in “Find the limit of u_(n+1)=0.6u_n+8.”, and predict the
form or approximate size of the answer? Repair any weakness before continuing.

CHECKPOINT

Explain one method condition in a complete sentence. Give a simple valid example and one non-example that breaks the condition.
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Chapter 14: Build the method
Limits of sequences

Reliable routine
Interpret: name the target, given information, conditions and units.
Represent: write an equation, diagram, table, graph or exact numerical structure.
Execute: show valid transformations or calculations in a readable order.
Verify: test size, sign, units, domain, accuracy and contextual meaning.

WORKED EXAMPLE 1

Find the limit of u_(n+1)=0.6u_n+8.

WORKED REASONING

1. At the limit L=0.6L+8.
2. Solve 0.4L=8.
Conclusion: 20.

WORKED EXAMPLE 2

Find the limit of T_(n+1)=0.8T_n+4.

WORKED REASONING

1. Solve L=0.8L+4.
Conclusion: 20.

SELF-EXPLANATION PROMPT

Which line contains the main mathematical decision? Which line checks interpretation, reasonableness or accuracy? Explain how the
method would change if one condition changed.
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Chapter 14: Connect and reason
Limits of sequences

Why the method works
The method works because each stage preserves the defining relationship in the problem. A calculation is not merely a sequence of
button presses: it is a chain in which every symbol, operation and representation has a stated meaning. An independent check uses a
different feature - such as an inverse operation, an alternative representation, a bound, a unit or a limiting case - so it can reveal an
error rather than repeat it.

COMMON MISCONCEPTION

A common error is to use a familiar rule before checking its conditions. For H-A14, this can produce a plausible-looking answer with the
wrong structure, scale, sign, unit or interpretation. State the condition first, then apply the rule.

GUIDED REASONING TASK

Does u_(n+1)=1.1u_n+2 generally converge? Before calculating, write: (a) what is known, (b) what is required, (c) the controlling
relationship, and (d) one check. Then complete the solution.

COMMUNICATION STANDARD

Use one mathematical statement per line. Define symbols, label units and diagrams, retain exact values until approximation is requested,
and close with a sentence that answers the actual question.

EXTENSION OR REPAIR

Change one value or condition in the guided task. Predict which steps remain valid and which must change. This is the difference between
memorising a routine and understanding limits of sequences.
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Independent practice
H-A14 • Limits of sequences

Complete without notes. Show the setup, decisive working and final conclusion. Marks are independent teaching allocations, not official
Qualifications Scotland / former SQA marks.

1. Find the limit of u_(n+1)=0.6u_n+8. [4]

2. Find the limit of T_(n+1)=0.8T_n+4. [4]

3. Does u_(n+1)=1.1u_n+2 generally converge? [4]

4. A sequence has recurrence u_(n+1)=-0.5u_n+9. Find its limit. [4]

REFLECTION

Record the question number of your least secure answer. Name the error type and write the first corrected line that would repair it.
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Worked answers and repair notes
H-A14 • Limits of sequences

1. WORKED ANSWER

Method: At the limit L=0.6L+8. Solve 0.4L=8. Answer: 20. Check: confirm the result against the original conditions, units and expected scale.

2. WORKED ANSWER

Method: Solve L=0.8L+4. Answer: 20. Check: confirm the result against the original conditions, units and expected scale.

3. WORKED ANSWER

Method: The multiplier has magnitude greater than 1, so deviations from any fixed point grow. Answer: No. Check: confirm the result against the
original conditions, units and expected scale.

4. WORKED ANSWER

Method: Solve L=-0.5L+9. Magnitude 0.5<1 confirms convergence. Answer: 6. Check: confirm the result against the original conditions, units and
expected scale.
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Chapter 15: Algebraic proof and identities
Build valid proofs using identities, divisibility and structure.

SPECIFICATION ALIGNMENT

Independent teaching summary for Qualifications Scotland Higher Mathematics: H-A15. This lesson develops conceptual understanding,
communication using symbols, fluency, logical reasoning and strategic competence.

Understand the mathematical object
Build valid proofs using identities, divisibility and structure. The central idea is that a representation is useful only when its meaning and
conditions are explicit. In this higher algebraic reasoning lesson, first identify the quantities, structures or events involved; then connect
the words to notation, a diagram, a table or a graph. A reliable solution preserves that meaning at every step and ends with an answer
that fits the original context.

KEY VOCABULARY

expression; equation; factor; root; function; domain; range; representation; condition; verification

Three controlling ideas
Identify the algebraic object, its restrictions and the required form.
Choose a reversible transformation or a structure-preserving representation.
Check by expansion, substitution, graph features, sign analysis or an independent method.

PRIOR-KNOWLEDGE CHECK

Can you state the meaning of the key terms, identify the operation or relationship in “Prove that the product of consecutive integers is
even.”, and predict the form or approximate size of the answer? Repair any weakness before continuing.

CHECKPOINT

Explain one method condition in a complete sentence. Give a simple valid example and one non-example that breaks the condition.
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Chapter 15: Build the method
Algebraic proof and identities

Reliable routine
Interpret: name the target, given information, conditions and units.
Represent: write an equation, diagram, table, graph or exact numerical structure.
Execute: show valid transformations or calculations in a readable order.
Verify: test size, sign, units, domain, accuracy and contextual meaning.

WORKED EXAMPLE 1

Prove that the product of consecutive integers is even.

WORKED REASONING

1. State the exhaustive parity argument.
Conclusion: Let the integers be n and n+1; one of any two consecutive integers is even, so their product is even.

WORKED EXAMPLE 2

Show that (x+2)^2-(x-2)^2=8x.

WORKED REASONING

1. The result holds for every real x.
Conclusion: Expand or use difference of squares: 4(2x)=8x.

SELF-EXPLANATION PROMPT

Which line contains the main mathematical decision? Which line checks interpretation, reasonableness or accuracy? Explain how the
method would change if one condition changed.
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Chapter 15: Connect and reason
Algebraic proof and identities

Why the method works
The method works because each stage preserves the defining relationship in the problem. A calculation is not merely a sequence of
button presses: it is a chain in which every symbol, operation and representation has a stated meaning. An independent check uses a
different feature - such as an inverse operation, an alternative representation, a bound, a unit or a limiting case - so it can reveal an
error rather than repeat it.

COMMON MISCONCEPTION

A common error is to use a familiar rule before checking its conditions. For H-A15, this can produce a plausible-looking answer with the
wrong structure, scale, sign, unit or interpretation. State the condition first, then apply the rule.

GUIDED REASONING TASK

Prove that n^2+n is even for every integer n. Before calculating, write: (a) what is known, (b) what is required, (c) the controlling
relationship, and (d) one check. Then complete the solution.

COMMUNICATION STANDARD

Use one mathematical statement per line. Define symbols, label units and diagrams, retain exact values until approximation is requested,
and close with a sentence that answers the actual question.

EXTENSION OR REPAIR

Change one value or condition in the guided task. Predict which steps remain valid and which must change. This is the difference between
memorising a routine and understanding algebraic proof and identities.
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Independent practice
H-A15 • Algebraic proof and identities

Complete without notes. Show the setup, decisive working and final conclusion. Marks are independent teaching allocations, not official
Qualifications Scotland / former SQA marks.

1. Prove that the product of consecutive integers is even. [4]

2. Show that (x+2)^2-(x-2)^2=8x. [4]

3. Prove that n^2+n is even for every integer n. [4]

4. Disprove: x^2>x for every real x. [4]

REFLECTION

Record the question number of your least secure answer. Name the error type and write the first corrected line that would repair it.
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Worked answers and repair notes
H-A15 • Algebraic proof and identities

1. WORKED ANSWER

Method: State the exhaustive parity argument. Answer: Let the integers be n and n+1; one of any two consecutive integers is even, so their product
is even. Check: confirm the result against the original conditions, units and expected scale.

2. WORKED ANSWER

Method: The result holds for every real x. Answer: Expand or use difference of squares: 4(2x)=8x. Check: confirm the result against the original
conditions, units and expected scale.

3. WORKED ANSWER

Method: Use the previous result. Answer: n^2+n=n(n+1), a product of consecutive integers. Check: confirm the result against the original conditions,
units and expected scale.

4. WORKED ANSWER

Method: One valid counterexample disproves a universal statement. Answer: x=1/2 gives 1/4<1/2. Check: confirm the result against the original
conditions, units and expected scale.
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Chapter 16: Integrated Higher algebra
Select and connect polynomial, function, coordinate and sequence methods.

SPECIFICATION ALIGNMENT

Independent teaching summary for Qualifications Scotland Higher Mathematics: H-A16. This lesson develops conceptual understanding,
communication using symbols, fluency, logical reasoning and strategic competence.

Understand the mathematical object
Select and connect polynomial, function, coordinate and sequence methods. The central idea is that a representation is useful only when
its meaning and conditions are explicit. In this higher algebraic reasoning lesson, first identify the quantities, structures or events
involved; then connect the words to notation, a diagram, a table or a graph. A reliable solution preserves that meaning at every step and
ends with an answer that fits the original context.

KEY VOCABULARY

expression; equation; factor; root; function; domain; range; representation; condition; verification

Three controlling ideas
Identify the algebraic object, its restrictions and the required form.
Choose a reversible transformation or a structure-preserving representation.
Check by expansion, substitution, graph features, sign analysis or an independent method.

PRIOR-KNOWLEDGE CHECK

Can you state the meaning of the key terms, identify the operation or relationship in “A circle x^2+y^2=13 and line y=x+1 meet at two
points. Find them.”, and predict the form or approximate size of the answer? Repair any weakness before continuing.

CHECKPOINT

Explain one method condition in a complete sentence. Give a simple valid example and one non-example that breaks the condition.
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Chapter 16: Build the method
Integrated Higher algebra

Reliable routine
Interpret: name the target, given information, conditions and units.
Represent: write an equation, diagram, table, graph or exact numerical structure.
Execute: show valid transformations or calculations in a readable order.
Verify: test size, sign, units, domain, accuracy and contextual meaning.

WORKED EXAMPLE 1

A circle x^2+y^2=13 and line y=x+1 meet at two points. Find them.

WORKED REASONING

1. Substitute to get 2x^2+2x-12=0.
2. Solve (x+3)(x-2)=0.
Conclusion: (2,3) and (-3,-2).

WORKED EXAMPLE 2

For f(x)=x^2-4x+7, find the minimum and hence the range.

WORKED REASONING

1. Complete the square: (x-2)^2+3.
Conclusion: Minimum 3 at x=2; range f(x)>=3.

SELF-EXPLANATION PROMPT

Which line contains the main mathematical decision? Which line checks interpretation, reasonableness or accuracy? Explain how the
method would change if one condition changed.
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Chapter 16: Connect and reason
Integrated Higher algebra

Why the method works
The method works because each stage preserves the defining relationship in the problem. A calculation is not merely a sequence of
button presses: it is a chain in which every symbol, operation and representation has a stated meaning. An independent check uses a
different feature - such as an inverse operation, an alternative representation, a bound, a unit or a limiting case - so it can reveal an
error rather than repeat it.

COMMON MISCONCEPTION

A common error is to use a familiar rule before checking its conditions. For H-A16, this can produce a plausible-looking answer with the
wrong structure, scale, sign, unit or interpretation. State the condition first, then apply the rule.

GUIDED REASONING TASK

The recurrence u_(n+1)=ku_n+12 has limit 30. Find k and state the convergence condition. Before calculating, write: (a) what is known, (b)
what is required, (c) the controlling relationship, and (d) one check. Then complete the solution.

COMMUNICATION STANDARD

Use one mathematical statement per line. Define symbols, label units and diagrams, retain exact values until approximation is requested,
and close with a sentence that answers the actual question.

EXTENSION OR REPAIR

Change one value or condition in the guided task. Predict which steps remain valid and which must change. This is the difference between
memorising a routine and understanding integrated higher algebra.
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Independent practice
H-A16 • Integrated Higher algebra

Complete without notes. Show the setup, decisive working and final conclusion. Marks are independent teaching allocations, not official
Qualifications Scotland / former SQA marks.

1. A circle x^2+y^2=13 and line y=x+1 meet at two points. Find them. [4]

2. For f(x)=x^2-4x+7, find the minimum and hence the range. [4]

3. The recurrence u_(n+1)=ku_n+12 has limit 30. Find k and state the convergence condition. [4]

4. A cubic has roots -2, 1 and 4 and leading coefficient 2. Write it expanded. [4]

REFLECTION

Record the question number of your least secure answer. Name the error type and write the first corrected line that would repair it.
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Worked answers and repair notes
H-A16 • Integrated Higher algebra

1. WORKED ANSWER

Method: Substitute to get 2x^2+2x-12=0. Solve (x+3)(x-2)=0. Answer: (2,3) and (-3,-2). Check: confirm the result against the original conditions,
units and expected scale.

2. WORKED ANSWER

Method: Complete the square: (x-2)^2+3. Answer: Minimum 3 at x=2; range f(x)>=3. Check: confirm the result against the original conditions, units
and expected scale.

3. WORKED ANSWER

Method: Use 30=30k+12. Answer: k=0.6; convergence requires |k|<1. Check: confirm the result against the original conditions, units and expected
scale.

4. WORKED ANSWER

Method: Start with 2(x+2)(x-1)(x-4). Expand carefully. Answer: 2x^3-6x^2-12x+16. Check: confirm the result against the original conditions, units
and expected scale.
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Algebra mastery review
Explain, demonstrate, connect and revisit.

I can...
H-A1 Polynomial factorisation: explain the idea, reproduce a valid method, solve an unfamiliar problem and check the result.
H-A2 Solving cubic and quartic equations: explain the idea, reproduce a valid method, solve an unfamiliar problem and check the result.
H-A3 Non-unitary completing the square: explain the idea, reproduce a valid method, solve an unfamiliar problem and check the result.
H-A4 Function transformations: explain the idea, reproduce a valid method, solve an unfamiliar problem and check the result.
H-A5 Composite functions: explain the idea, reproduce a valid method, solve an unfamiliar problem and check the result.
H-A6 Inverse functions, domain and range: explain the idea, reproduce a valid method, solve an unfamiliar problem and check the result.
H-A7 Discriminant parameter problems: explain the idea, reproduce a valid method, solve an unfamiliar problem and check the result.
H-A8 Quadratic inequalities: explain the idea, reproduce a valid method, solve an unfamiliar problem and check the result.
H-A9 Intersections of lines and curves: explain the idea, reproduce a valid method, solve an unfamiliar problem and check the result.
H-A10 Lines, angles and perpendicularity: explain the idea, reproduce a valid method, solve an unfamiliar problem and check the result.
H-A11 Circle equations: explain the idea, reproduce a valid method, solve an unfamiliar problem and check the result.
H-A12 Tangents and circle intersections: explain the idea, reproduce a valid method, solve an unfamiliar problem and check the result.
H-A13 Recurrence relations: explain the idea, reproduce a valid method, solve an unfamiliar problem and check the result.
H-A14 Limits of sequences: explain the idea, reproduce a valid method, solve an unfamiliar problem and check the result.
H-A15 Algebraic proof and identities: explain the idea, reproduce a valid method, solve an unfamiliar problem and check the result.
H-A16 Integrated Higher algebra: explain the idea, reproduce a valid method, solve an unfamiliar problem and check the result.
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